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Abstract
We consider representations of chordal graphs as edge intersection graphs of subtrees in a tree of maximum vertex degree 3.
A new graph invariant related to the concept of branchwidth is introduced, and a structural characterization theorem is given for
the existence of representations where each edge is contained in fewer subtrees than the clique number of the graph represented.
As a consequence, a sufﬁcient condition is obtained for chordal graphs to have smaller branchwidth than clique number.
© 2004 Elsevier B.V. All rights reserved.
1. Introduction
One of the well-known representation theorems in graph theory states that a graph is chordal (i.e., contains no induced cycles
of length greater than three) if and only if it is the vertex-intersection graph of subtrees of a tree [3,5]. Chordal graphs—and, more
generally, chordal supergraphs of graphs—with their tree representations play an important role in various areas, in connection
with both structural questions and efﬁciently solvable subproblems of algorithmic problems that are intractable in general (cf.
[6,7]). Furthermore, representations with particular types of subtrees have also been studied; see, e.g., Section 4.4 of [2] for
references.
In this paper we introduce a more restricted version that we call strong branch representation, abbreviated SBR. A related new
graph invariant, termed ‘strong branchwidth,’ will also be studied.
Formally, let G = (V ,E) be a chordal graph with vertex set V and edge set E. A SBR,T =T(G), of G consists of a base
tree T = (X, F ) (with vertex set X and edge set F) and subtrees Tv ⊆ T (v ∈ V ) with the following properties:
1. All internal nodes of T have degree three.
2. Every leaf of each Tv is a leaf in T as well.
3. Two vertices u, v ∈ V are adjacent in G if and only if the corresponding subtrees Tu and Tv share an edge in T.
An assumption weaker than the third one is:
3′. If uv is an edge in G, then Tu and Tv share an edge in T.
The set of conditions 1, 2, 3′ (instead of 1,2,3) leads to the concept of weak branch representation, that we refer to asWBR for
short.
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Assuming thatT is a representation (WBR or SBR) ofG, for each edge f ∈ F of the base tree we denote byw(f ) the number
of subtrees Tv containing f. The width of the representationT is deﬁned as
w(T)= max
f∈F w(f ).
Then sbr(G), the strong branchwidth ofG, is the smallest possible value ofw(T) taken over all SBRsT ofG.Analogously, one
can deﬁne weak branchwidth, denotedwbr(G), as the minimum of the largestw(f ), taken over allWBRs ofG. (It will be shown
in the next section that the above deﬁnition of wbr(G) is equivalent to the original one of branchwidth br(G)—introduced in
[8]—with the only exception when G is a star-forest; therefore, we shall concentrate here on sbr rather than on wbr.)
From these deﬁnitions, for the ﬁrst sight one might get the impression that sbr and wbr are equal for all chordal graphs; but this
would be false. A construction with strict inequality will be given later. (On the other hand, as one of the referees has observed,
modifying the deﬁnition of ‘treewidth’ in an analogous way to introduce ‘strong treewidth’ we would in fact obtain a parameter
which is equivalent to treewidth on all chordal graphs.)
In this note we are particularly interested in chordal graphs G where sbr(G) is strictly smaller than (G), the clique number
of G (i.e., the largest number of mutually adjacent vertices). A characterization will be given in two equivalent ways, as follows.
By deﬁnition, a clique is a complete subgraph maximal under inclusion; and an -clique is a clique with (G) vertices. We
denote byK=K(G) the collection of all cliques in G. For every K ∈K, we consider the hypergraph (set system)
HK = {V (K)\V (K ′) |K ′ ∈K\{K}},
and denote by (K) the minimum number of vertices in a set that intersects all members ofHK . (That is, (K) means the
parameter called the transversal number of the hypergraphHK .)
An equivalent formulation, without hypergraph terminology, can be given as follows: (K) − 1 is the largest integer t such
that any t vertices of K have a common neighbor outside K.
The relevance of (HK) with respect to strong branchwidth is demonstrated by the following two results.
Theorem 1. Let G be a chordal graph. If there exists an -clique K of G with (K)> 3, then sbr(G)= (G).
Theorem 2. Let G be a chordal graph with (G)3. If (K)3 for every -clique K of G, then sbr(G)<(G).
These results will be proved in Sections 3 and 4, respectively. Since brwbrsbr always holds, we immediately obtain
Corollary 1. If (G)3, and (K)3 holds for every -clique K of G, then br(G)<(G).
The particular case of = 3 also yields
Corollary 2 (Robertson and Seymour [8]). If G is a chordal graph with (G)3, then br(G)2.
Theorems 1 and 2 together characterize the chordal graphs whose strong branchwidth is smaller than their clique number.
Having all (Hk)3, however, is only sufﬁcient but not necessary for a chordal graph to have wbr <. This fact has been
observed by Thilikos [9]; his construction is given next. We thank him for kindly allowing us to include it here.
Example 1. Let n15. From the complete graph Kn, remove the six edges joining four speciﬁed vertices v1, v2, v3, v4, and
also four independent edges that join {v1, v2, v3, v4}with four other vertices. ThenK=Kn−{v1, v2, v3, v4} is an-clique with
(HK)=4, thus sbr=n−4 byTheorem 1. On the other hand, the (weak) branchwidth clearly does not exceedwbr(Kn)=
 23n,
which is smaller than n− 4 for all n15.
It follows, in particular, that branchwidth can be strictly smaller than strong branchwidth.
Graphs G with wbr(G)k have been characterized in [8] for k2, and in [1] for k = 3. It is natural to raise the analogous
problem for strong branchwidth.
Problem 1. Given a natural number k, characterize the structure of chordal graphs G with sbr(G)k.
We conclude this introduction with an observation, one direction of which veriﬁes that the concept of strong branchwidth is
well-deﬁned.
Proposition 1. A graph is chordal if and only if it admits a SBR.
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Proof. The ‘only if’ part will be proved in a stronger form in Proposition 3. For the ‘if’ part, in any SBR of a graphG, Conditions
1 and 2 yield that if two subtrees Tu, Tv share a vertex, then they also share an edge. Thus, the vertex intersection graph and
edge intersection graph are the same, in any subtree representation over an internally 3-regular base tree. 
As one of the referees has observed, for every graphG (both the chordal and non-chordal ones), the minimum of sbr(H) taken
over all chordal supergraphs H of G is equal to wbr(G), and hence also to the branchwidth of G in the original sense unless G
is a star-forest. For this reason, the concept of strong branchwidth does not extend to non-chordal graphs in the usual way. We
thank the referee for this important remark.
2. Transformations between subtree representations
In this section we prove two facts concerning representations with subtrees; namely that the deﬁnition of weak branchwidth
is equivalent to the original one of branchwidth (unless the graph in question is a star-forest), and that the strong branchwidth
of a chordal graph never exceeds the maximum clique size. The latter completes the proof of Proposition 1, and also yields a
strengthening of the inequality br(G)(G), proved in [8].
The deﬁnition of the branchwidth of G in [8, p. 164], denoted by br(G), applies representations (T , ), where T is a ternary
tree (as in our condition 1), and  is a bijection from the leaf set of T to the edge set ofG. Robertson and Seymour call the ‘order’
of an edge f of T the number of vertices v of G such that there are leaves ′, ′′ of T in different components of T \{f }, with both
(′), (′′) incident with uv. The width of (T , ) is then deﬁned as the maximum order of the edges of T, and the branchwidth
of G as the minimum width taken over all possible (T , ).
One can observe that br(G) = 1 if and only if G has at least one vertex of degree two and does not contain any paths of
length three (and br(G) = 0 if each connected component of G is an isolated edge or vertex). On the other hand, wbr(G)2
whenever G has an edge; i.e., on star-forests (with at least one edge) br and wbr take different values. The next assertion shows
that wbr = br holds for all the other graphs, with no more exceptional cases.
Proposition 2. For every chordal graph containing a triangle or a path of length three, the representations (T , ) and the SBRs
T have the same minimum width.
Proof. For any chordal graph G = (V ,E) other than a star-forest, we have br(G)2. Let (T , ) be a representation of width
br(G). To derive a SBR of the samewidth, we ﬁrstmodifyT at leaves representing pendant edges ofG, as follows. If (xy)=xy ∈
E and dG(x)= 1, we create two new leaves ′xy , ′′xy adjacent to xy , and deﬁne (′xy)= (′′xy)= xy. (At the same time, xy
gets removed from the domain of .) Performing this transformation for all leaves ofG, a representation (T ′, ′) ofG is obtained
where each vertex of G occurs on at least two leaves of T ′. Since br(G)2, these modiﬁcations do not increase the width of
the representation. Then, for each v ∈ V , we select the set L(v) of leaves  of T ′, where ′() is incident with v in G, and deﬁne
Tv ⊆ T ′ as the (unique) minimal subtree that contains the entire L(v). In this way, an SBR of G is obtained.
Conversely, suppose that the subtrees Tv (v ∈ V ) form a SBR over a base tree T. Taking the edges uv ∈ E one by one, we
choose an edge f = fuv ∈ E(Tu) ∩ E(Tv) in T, replace it with a path of length two (also modifying all subtrees Tz containing
f accordingly), and join the middle vertex of this path to a new leaf uv that will be mapped by  to uv. After the end of this
procedure we consider the set L= −1(E) of speciﬁed leaves in the tree T ′ obtained. First take its minimal subtree that contains
all vertices of L, and then eliminate all degree-2 vertices in this latter tree by applying edge contraction. In this way we obtain
a representation (T ′′, ) over a ternary tree T ′′, whose width may be smaller, but deﬁnitely not greater, than that of the initial
SBR. 
Proposition 3. If G is a chordal graph, then sbr(G)w(G).
Proof. Let G= (V ,E) be any chordal graph. Consider a subtree-intersection representation of G, i.e. a tree T and a collection
of the Tv ⊆ T (v ∈ V ) such that two subtrees Tu, Tv share a vertex if and only if uv ∈ E. (Currently the leaves of the speciﬁed
subtrees need not be leaves of T.) We may assume that none of the Tv is a single vertex. (An edgeless subtree, say with the only
vertex x, can be avoided by extending it with a new leaf adjacent to x.) We modify this representation to a SBR as follows.
• Join new, distinct pendant vertices px to the internal vertices x of T.
• Make px belong to precisely those subtrees which originally contain x.
• Eliminate the high-degree vertices sequentially, by repeatedly applying the following step: If x has modiﬁed degree d > 3,
then split it into two adjacent vertices x′, x′′ of degrees 
 12d + 1 and  12d + 1, respectively.
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• For the subtrees Tv , perform the splitting without increasing the number of leaves in Tv : If x is an internal vertex of Tv , then
let x′ and x′′ both belong to the modiﬁed Tv ; and otherwise keep in Tv only that one of x′ and x′′ which remains adjacent
to px .
The splitting procedure eventually yields a ternary tree T ′, in which the vertex-intersections of subtrees have been transformed
to edge-intersections by the newly inserted leaves (and new intersections have not been created). Moreover, the way the subtrees
Tv are split ensures that no internal vertex of T ′ becomes a leaf of any modiﬁed subtree. Hence, a SBR is obtained.
Finally, the number of (modiﬁed) subtrees containing any one edge does not become larger than the maximum number
of initial subtrees Tv incident with a vertex of T. Since the latter is precisely the clique number (G) of G, the assertion
follows. 
3. The lower bound on sbr(G)
Here we prove that if (HK)> 3 holds for at least one -clique K ∈K(G) in the chordal graph G, then sbr(G) = (G).
Since (G) is an upper bound on sbr(G) (whenever G is chordal), we need to prove sbr(G)(G).
Consider an arbitrary (i.e., not necessarily strong) branch representation T of G, over a base tree T = (X, F ). Assume
w(T)(G)− 1. We have to prove that, under these assumptions, the representation cannot be strong.
Denote by v1, v2, . . . , v the vertices of K, and let Ti = Tvi be the subtree representing vi . Since the vi (i = 1, . . . ,) are
mutually adjacent, the Helly property concerning vertex-intersections of subtrees yields that there exists a vertex x ∈ X with
x ∈ V (Ti) for all i with 1 i. This x cannot be a leaf of T, for otherwise the pendant edge incident with x would belong to
all the Ti and hence w(T)< could not be valid.
Let e1, e2, e3 ∈ F be the three edges incident with x. Again by the assumption w(T)<, there exist nonempty subsets
A1, A2, A3 ⊆ {1, 2, . . . ,} such that ei /∈E(Tk) for all 1 i3 and k ∈ Ai . Note that Ai ∩ Aj = ∅ if i = j , because T has
maximum degree 3 and x is not a leaf of any Tk .
Assume, without loss of generality, that i ∈ Ai , for i = 1, 2, 3. By the transversal condition (HK)> 3, there exists a vertex
z /∈V (K) adjacent to all of v1, v2, v3. Therefore, the subtree Tz must share an edge with each of T1, T2, T3. It follows that Tz
contains at least two of the edges {e1, e2, e3}. On the other hand, z is nonadjacent to some v ∈ K . Since Tv also contains at least
two of {e1, e2, e3}, we obtain E(Tz) ∩ E(Tv) = ∅. Thus, the representationT is not strong, and Theorem 1 follows.
4. The upper bound on sbr(G)
In this section we prove that if (HK)3 holds for all-cliquesK ∈K(G) in the chordal graphG, then sbr(G)(G)−1
(where (G)3). We assume throughout the proof that G = (V ,E) is a chordal graph, all of whose -cliques satisfy the
transversal condition above. Let (G)= 3.
The basic idea of the argument is to prove a stronger assertion by induction on the number of vertices. We need to introduce
a couple of deﬁnitions. In some situations a dummy vertex v∗ /∈V will also be needed. With each clique K ∈ K, a triple
(3-element multiset) A(K)= {v1
K
, v2
K
, v3
K
} ⊆ V (K) ∪ {v∗} of vertices will be associated. It will be assumed that all the three
conditions below are satisﬁed:
• The elements of A(K)\{v∗} are mutually distinct (but v∗ may occur more than once in A(K)).
• If v∗ /∈A(K), then A(K) meets all members ofHK .
• If |V (K)| = , then v∗ /∈A(K).
In any SBRT of G, we say that an edge f ∈ F of the base tree T = (X, F ) represents the complete subgraph K ′ ⊆ G (where
K ′ is not necessarily a clique) if
v ∈ V (K ′) ⇐⇒ f ∈ E(Tv).
Moreover, a non-leaf vertex x ∈ X is said to represent the clique K if the three edges incident with x represent the complete
subgraphs K − v1
K
, K − v2
K
, and K − v3
K
, respectively.
The following assertion will be proved by induction:
(∗) Given any chordal graph H and, associated with its cliques, the collection of triples A(K) satisfying the conditions above,
there exists a SBRT of H over a base tree T such thatw(T)< and each clique of G is represented with some vertex of T.
Z. Tuza /Discrete Applied Mathematics 145 (2005) 291–296 295
A trivial anchor for the induction is the complete graph K (3). By the conditions imposed, v∗ /∈A(K) holds and the
vi
K
(i = 1, 2, 3) are distinct. Hence, a SBR is obtained over the star (claw) of 3 edges e1, e2, e3 if we assign K − viK to edge
ei . The unique clique—K itself—is represented with the center of the star.
Suppose that (∗) is valid for every H with fewer than |V | vertices. Let v ∈ V be a simplicial vertex of G, i.e. one whose
neighborhood N(v) induces a complete subgraph. The unique clique, say K =K(v), containing uv is the subgraph induced by
{v} ∪N(v). Since G contains at least two nonadjacent simplicial vertices [4] (unless G=K), we may assume without loss of
generality that (G− v)=  still holds, hence allowing the induction start from K.
Consider the graph G′ = G − v. If K− = K − v is not a clique in G′, then we need not deﬁne A(K−) for it. On the other
hand, if K− is a clique in G′, then K− is not a clique in G, hence its associated set A(K−) has not yet been deﬁned. Set
A(K−)=
{
A(K) if v /∈A(K),
(A(K)\{v}) ∪ {v∗} if v ∈ A(K).
Observe that this modiﬁcation does not violate the three requirements imposed on the triples.
By the induction hypothesis, G− v has a representationT′, over a base tree T ′ = (X′, F ′), with the properties described in
(∗). In order to derive a SBR ofG fromT′, we apply the following transformation. Suppose that zz′ ∈ F ′ is an edge representing
some complete subgraph K ′. To split zz′ (where the arrow indicates that the role of z and z′ is not symmetric in general) means
to remove the edge zz′, insert two new vertices x and y, and insert three new edges xz, xz′, xy. In splitting zz′ we require that
the new edge xz′ still represent K ′, and also that the subgraph represented by xz contain K ′. We reserve the freedom, however,
to specify the set to be represented with xy, and also to decide whether xz should represent K ′ or a complete subgraph larger
than K ′.
The way we extendT′ to a representation ofGwill depend on the position ofK− insideG−v, and on that of uv with respect
to A(K).
Case 1. K− is a clique in G− v, and v /∈A(K).
Consider a vertex, say z, representingK− inT ′, and the three edges zz1, zz2, zz3 incidentwith it.We split each zzi (i=1, 2, 3);
let us denote by xi, yi the new vertices inserted.We require zxi to representK − viK ′ and all xiyi to represent just {v}. It is clear
that, in the modiﬁed systemT of subtrees, vertex z represents the clique K ofG, while the other cliques ofG remain represented
with the same vertices as inT′. Moreover,w(zxi)< also holds, because for |V (K)|= no viK is v∗ (thusw(zxi)< |V (K)|),
while for smaller K we can simply apply the fact that w(zxi) |V (K)|.
Case 2. K− is a clique in G− v, and v ∈ A(K).
Assume v= v3
K
. The construction is fairly similar to that in Case 1, except that now uv is replaced with the dummy vertex v∗
and hence the edge zz3 represents the entire K− =K − v3K inT′. Therefore, we need to split two edges, zz1 and zz2 only.
Case 3. K− is not a clique in G− v, and v /∈A(K).
By assumption, there is a cliqueK ′ containingK− inG−v. If v∗ ∈ A(K ′) (whereA(K ′)was already deﬁned inG), then some
edge zz′ represents K ′; and if v∗ /∈A(K ′), then some element zi
K
, of A(K ′) belongs to K ′ − K−, because V (K ′)\V (K−) =
V (K ′)\V (K) ∈HK . No matter what the exact situation is, the edge zz′ represents a complete subgraphK ′′ ⊆ G− v such that
K− ⊆ K ′′. Let us split zz′ in such a way that both xz and xz′ represent K ′′, and xy represents K ′ − v3
K
.
We extend the base tree with four new vertices t, u, z1, z2 and four edges ty, uy, uz1, uz2. Let the subtree Tv consist of these
four edges, and let the edge uy represent (K ′ − v3
K
)+ v =K − v3
K
; and let uzi represent K − viK for i = 1, 2. In this modiﬁed
SBR, u represents K. Observe that K cannot be an -clique because v /∈A(K) and hence A(K) does not meet the complement
of K ′. Thus, |V (K−)|− 2, and we have w(uy)<, therefore a SBR of width smaller than  is obtained for G.
Case 4. K− is not a clique in G− v, and v ∈ A(K).
Let us denote v3
K
= v. For the same reason as described in Case 3, here we can split an edge zz′ in such a way that the new
pendant edge xy represents K− = K − v3
K
. Joining two pendant vertices z1, z2 to y and requiring that the edge yzi represent
K − vi
K
for i = 1, 2, the vertex y represents K. Thus, a SBRT of G with w(T)< is obtained.
This completes the proof of Theorem 2. 
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